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UNICRITICAL POLYNOMIAL MAPS WITH RATIONAL
MULTIPLIERS

VALENTIN HUGUIN

ABSTRACT. In this article, we prove that every unicritical polynomial map
that has only rational multipliers is either a power map or a Chebyshev map.
This provides some evidence in support of a conjecture by Milnor concerning
rational maps whose multipliers are all integers.

1. INTRODUCTION

Given a polynomial map f: C — C and a point zg € C, we study the sequence
(f°" (20)),> of iterates of f at zg. The set {f°" (29) : n > 0} is called the forward
orbit of zp under f.

The point zq is said to be periodic for f if there exists an integer n > 1 such that
™ (20) = zo; the least such integer n is called the period of zy. The forward orbit
of zg, which has cardinality n, is said to be a cycle for f. The multiplier of f at zg
is the derivative of f°™ at zo; equivalently, it is the product of the derivatives of f
along the cycle. In particular, f has the same multiplier at each point of the cycle.

The multiplier is invariant under conjugacy: if f and g are two polynomial maps,
¢ is an invertible affine map such that ¢po f = go ¢ and zj is a periodic point for f,
then ¢ (2¢) is a periodic point for g with the same period and the same multiplier.

In this paper, we wish to examine the polynomial maps that have only integer —
or rational — multipliers.

Definition 1. A polynomial map f: C — C of degree d > 2 is said to be a power
map if it is affinely conjugate to z — 2%.

For every d > 2, there exists a unique polynomial Ty € C[z] such that
Ty (z + 2_1) =204 77,
The polynomial T, is monic of degree d and is called the dth Chebyshev polynomial.
Example 2. We have Ty(2) = 22 — 2 and T3(2) = 2° — 32.

Definition 3. A polynomial map f: C — C of degree d > 2 is said to be a
Chebyshev map if it is affinely conjugate to +Ty.

Remark 4. For every d > 2, the polynomials —Ty and Ty are affinely conjugate if
and only if d is even.

These conjugacy classes of polynomials share the following well-known property:

Proposition 5. Suppose that f: C — C is a power map or a Chebyshev map.
Then f has only integer multipliers.
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1.1. Statement of the results. We are interested in the converse of Proposition 5.
More precisely, we wish to show that every polynomial map that has only integer —
or rational — multipliers is either a power map or a Chebyshev map.

We restrict ourselves to unicritical polynomial maps — that is, polynomial maps
of degree d > 2 that have a unique critical point in the complex plane.

Theorem 6. Assume that f: C — C is a unicritical polynomial map that has only
rational multipliers. Then f is either a power map or a Chebyshev map.

Remark 7. For every d > 2, the polynomial Tj has exactly d—1 critical points given
by 2 cos (%J) for j € {1,...,d—1}. In particular, a Chebyshev map is unicritical if
and only if it has degree 2.

Using similar arguments, we also obtain a result concerning cubic polynomial
maps with symmetries — that is, cubic polynomial maps that commute with a
nontrivial invertible affine map.

Theorem 8. Assume that f: C — C is a cubic polynomial map with symmetries
that has only integer multipliers. Then f is a power map or a Chebyshev map.

1.2. Motivation. In a more general setting, Milnor conjectured in [Mil06] that
power maps, Chebyshev maps and flexible Lattes maps are the only rational maps
whose multipliers are all integers. We may even extend his question as follows:

Question 9. Let K be a number field, and denote by Ok its ring of integers.
Assume that f: C — C is a rational map whose multipliers all lie in O — or K.
Is f necessarily a finite quotient of an affine map — that is, either a power map, a
Chebyshev map or a Lattes map?

We give here a positive answer in the case of rational numbers and unicritical
polynomial maps. To the author’s knowledge, this question has not been studied
before. This one can be viewed as an analog of questions concerning rational prepe-
riodic points for a rational map, which have received a lot of attention (see [BIJ*19]
and [Sil07]).

In [EvS11], Eremenko and van Strien investigated the rational maps that have
only real multipliers: they proved that, if f: C - Cissuch a map, then either f is
a Lattes map or its Julia set J; is contained in a circle; they also gave a description
of these maps.

1.3. Organization of the paper. In Section 2, we prove some stronger versions of
Theorem 6. More precisely, given an integer d > 2, the conjugacy classes of unicrit-
ical polynomials of degree d are parameterized by a one-parameter family (fe).cc»
and we determine the parameters ¢ € C for which the multiplier polynomials of f,
have only rational roots. Using the same strategy, we also prove Theorem 8.

In Section 3, we study the periodic points and the multipliers of a polynomial map
by means of polynomials associated with its dynamics. More precisely, we present
certain results about the dynatomic polynomials and the multiplier polynomials of
a monic polynomial, emphasizing the case of unicritical polynomials.

Finally, in Section A, we prove that the Diophantine equation that arose in our
proof of Theorem 6 has no nontrivial solution.

Acknowledgments. The author would like to thank his Ph.D. advisors, Xavier Buff
and Jasmin Raissy, for all their suggestions and encouragements.
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2. PROOFS OF THE RESULTS

We shall prove here Theorem 6 and Theorem 8. Our proofs rely on the result
below, which will be presented in greater detail in Section 3 and is an immediate
consequence of Proposition 30, Proposition 38 and Corollary 42.

Fix an integer d > 2. Since every polynomial map f: C — C is affinely conjugate
to a monic polynomial map and the multiplier is invariant under conjugacy, we may
restrict our attention to monic polynomials.

Proposition 10. Assume that f: C — C is a monic polynomial map of degree d.
Then

o there exists a unique sequence (¢£)n>l of elements of C|z] such that, for
every n > 1, we have B

OEERS | EAOE

k|n
e for every n > 1, there is a unique monic polynomial M; € C[)\] such that
M (A)" = res, (®£(z), A —(f°ny (2)) ,

where res, denotes the resultant with respect to z;
o given a subring R of C and n > 1, the multipliers of f at its cycles with
period n all lie in R if and only if M splits into linear factors of R[)].

Definition 11. Suppose that f: C — C is a monic polynomial map of degree d.
For n > 1, the polynomial ®/ is called the nth dynatomic polynomial of f and the
polynomial M/ is called the nth multiplier polynomial of f.

For ¢ € C, let f.: C — C be the polynomial map
forzm 284 c.

For every ¢ € C, the map f. is unicritical with critical point 0 and critical value c.
Furthermore, if f: C — C is a unicritical polynomial map of degree d, then there
exists a parameter ¢ € C — which is unique up to multiplication by a (d — 1)th root
of unity — such that f is affinely conjugate to f..

Consequently, to prove Theorem 6, we are reduced to determining the parameters
¢ € C for which the polynomials M;< € C[\], with n > 1, have only rational roots.
Note that, if ¢ € C is such a parameter, then, for every n > 1, the polynomial M}
lies in Q[\] and its discriminant

A, (c) = disc M-

is the square of a rational number. In fact, we shall see that, to prove Theorem 6,
it suffices to examine the polynomials M for only a few small values of n.

2.1. Quadratic polynomial maps. Let us examine here the quadratic polyno-
mials that have only integer — or rational — multipliers.

Suppose that d = 2. Then, for every ¢ € C, the map f. is a power map if and
only if ¢ = 0 and is a Chebyshev map if and only if ¢ = —2. Using the software
SageMath, we can compute M and A, (c) for ¢ € C and small values of n.
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Example 12. For every ¢ € C, we have

Mi(X) = A% —2x + 4c,

MIe(A\) = X—dc—4,

M (X)) = A2 + (=8¢ — 16)\ + 64¢° + 128¢ + 64c + 64,

Me(X) = X% + (16¢ — 48) A% + (—256¢" — 256¢° + 256¢” + 768) A

— 4096¢% — 12288¢% — 12288¢* — 12288¢® — 8192¢% — 4096 .

Remark 13. Observe that, forn € {1,...,4}, the coefficients of M/e are polynomials
in 4¢ with integer coefficients. As we shall see in Section 3, this is true for all n > 1
(compare [Boul4, Lemma 1]).

Example 14. For every ¢ € C, we have
Ai(c) = —2%(4c— 1),
As(e) =1,
Asz(c) = —25(4c + 7)c?,
Ay(c) = —2** (64c® + 144c* + 108c + 135) (c + 2)2c5.

Remark 15. We shall see in Section 3 that, for every n > 1, the roots of A,, that
have an odd multiplicity are precisely the parameters ¢y € C for which the map f,,
has a cycle with period n and multiplier 1 (see [Mor96, Proposition 9]).

First, let us examine the quadratic polynomials whose multipliers are integers.
By Proposition 10, for every ¢ € C, the map f. has an integer multiplier at each
cycle with period 1 or 2 if and only if the polynomials M 1f ¢ and M2f ¢ split into linear
factors of Z[\], which occurs if and only if there exists m € Z such that ¢ = 1741"2
In particular, there exist infinitely many such parameters ¢ € C. In contrast, by

considering also the multipliers at the cycles with period 3, we obtain the following;:

Proposition 16. Assume that f: C — C is a quadratic polynomial map that has
an integer multiplier at each cycle with period less than or equal to 3. Then f is
either a power map or a Chebyshev map.

Proof. There exists a parameter ¢ € C such that f is affinely conjugate to f.. By
Proposition 10, the polynomials MJe, with n € {1,2,3}, split into linear factors of
Z[A], and hence 4c is an integer and

Ai(c) = —2*(4c—1) and Asz(c) = —25(4c + 7)c?

are the squares of integers. Therefore, either ¢ = 0 or there exist a,b € Z> such
that

—(4c—1)=0a®> and — (4c+7)=0%.
In the latter case, we have (a — b)(a + b) = 8, and hence

a—b=1 a—b=2
a+b=38 or a+b=4 "
which yields (a,b) = (3,1) and ¢ = —2. Thus, the proposition is proved. O

Let us now study the quadratic polynomial maps whose multipliers are rational.
There exist infinitely many parameters ¢ € C for which the map f. has a rational
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multiplier at each cycle with period less than or equal to 3. More precisely, a
parameter ¢ € C has this property if and only if ¢ is rational and A;(c) and As(c)
are the squares of rational numbers, which occurs if and only if ¢ = 0 or there
4 2
exists 7 € Q¢ such that ¢ = w. In contrast, by considering also the
multipliers at the cycles with period 4, we are led to examine the rational points
on a certain elliptic curve and we obtain the following result, which is a stronger
version of Theorem 6 in the case of quadratic polynomials:

Proposition 17. Assume that f: C — C is a quadratic polynomial map that has
a rational multiplier at each cycle with period less than or equal to 4. Then f is
either a power map or a Chebyshev map.

Proof. There exists a parameter ¢ € C such that f is affinely conjugate to f.. By
Proposition 10, the polynomials M-, with n € {1,..., 4}, split into linear factors
of Q[A], and hence c is rational and

Ay(c) = —2%* (64¢” + 144¢% + 108c + 135) (c + 2)c°
is the square of a rational number. Note that, if there exists r € Q such that
— (64¢® + 144¢% + 108¢ + 135) = r?,

—(r+18)

then ¢ # =2 and the rational numbers a = 3{#1_83) and b= 3t satisfy
@B 4= —4 (64¢® + 144¢% + 108¢ + 135 + 12) o

(4c + 3)3
which contradicts the fact that the Diophantine equation z? + y> = 423 has no

solution (z,y, 2z) € Z* with z # 0 by Lemma 56. Therefore, we have ¢ € {—2,0}.
Thus, the proposition is proved. O

Remark 18. Tt follows from [EvS11, Theorem 1] that, for every ¢ € C, the map f,.
has a real multiplier at each cycle if and only if ¢ € (—oo0, —2] U {0}. In particular,
the property of having only real multipliers does not characterize power maps and
Chebyshev maps among the quadratic polynomials.

2.2. Unicritical polynomial maps of degree at least 3. We shall see here that,
unlike in the case of quadratic polynomials, power maps are the only unicritical
polynomial maps of degree at least 3 that have only real multipliers. Note that, for
every ¢ € C, the map f. is a power map if and only if ¢ = 0.

First, suppose that d = 3. Using the software SageMath, we can compute M}
and A, (c) for c € C and n € {1,2}.

Example 19. For every ¢ € C, we have
MI(X) = A3 — 6A2 + 91 — 2762

and
MIe(A) = A> — 2702 + (162¢? + 243) X — 729¢* — 1458¢> — 729.

Remark 20. We shall see in Section 3 that, for every n > 1, the coefficients of M-
are polynomials in 27¢? with integer coefficients (compare [Mill4, Theorem 1.1]).

Example 21. For every ¢ € C, we have

Ay(c) = =3%(27¢ —4) ® and As(c) = —3'%(27c¢* +32) °.
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It follows from Proposition 10 that, for every c € C, the map f. has a real
multiplier at each fixed point if and only if ¢? is real and A;(c) > 0, which occurs if
and only if ¢? € [07 27] In particular, power maps are not the only cubic unicritical
polynomial maps whose multiplier at each fixed point is real.

Remark 22. There also exist infinitely many parameters ¢ € C for which the map
fe has a rational multiplier at each fixed point. More precisely, a parameter ¢ € C
has this property if and only if the polynomial lec has a rational root and its
discriminant Aj(c) is the square of a rational number, which occurs if and only if

. 4(r2-1)?
there exists r € Q such that ¢ = %

In contrast, by considering also the multipliers at the cycles with period 2, we

obtain the result below, which immediately implies Theorem 6 in the case of cubic
unicritical polynomials.

Proposition 23. Assume that f: C — C is a cubic unicritical polynomial map
that has a real multiplier at each cycle with period 1 or 2. Then f is a power map.

Proof. There exists a parameter ¢ € C such that f is affinely conjugate to f.. By
Proposition 10, the polynomials M; ¢ and sz © split into linear factors of R[], and
hence ¢? is real and

Ai(c) ==3%(27¢ —4) > >0 and As(c) = —3" (27¢* +32) ® > 0.

Therefore, we have
—-32
2
—,0 O —| =40

Thus, the proposition is proved. O

Let us now investigate the unicritical polynomial maps of degree at least 4 whose
multipliers are real. We shall see that, unlike in the case of cubic unicritical poly-
nomials, the property of having a real multiplier at each fixed point characterizes
here power maps. Our result relies on the calculation of le ¢ for ¢ € C.

Example 24. Suppose that d > 2 and ¢ € C. Then we have

M{C()\):resz(zd—z—i—c,)\—dzd = dH z —zj+c),
where z1,...,24_1 are the roots of dz¢~! — X € C[z]. It follows that
M(\) = (=d)? H "N =d)zj +¢)
d—1
= (=) [+ Y dT A= d) oyt
j=1
where o1,...,04_1 are the elementary symmetric functions of z1,...,z4—1. There-

fore, by the relations between roots and coefficients of a polynomial, we have
MIe(A) = XA = d)? 1 + (—d)?e? .

The following result is a stronger version of Theorem 6 in the case of unicritical
polynomials of degree at least 4.
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Proposition 25. Assume that f: C — C is a unicritical polynomial map of degree
d > 4 that has a real multiplier at each fized point. Then f is a power map.

Proof. There exists a parameter ¢ € C such that f is affinely conjugate to f.. By
Proposition 10, the polynomial

M) = AMA = d)"! + (=d)?c™!
splits into linear factors of R[A], and hence the same is true of the polynomial
L) = XM (A7t +d) = (—d) %A+ da+ 1
and, by Rolle’s theorem, of its derivative
L'(A) = (-1)%a™ e 44,

Therefore, we have ¢ = 0 since the set of roots of L’ is invariant under multiplication
by a (d — 1)th root of unity and d > 4. Thus, the proposition is proved. O

Finally, we have proved Theorem 6, which follows immediately from Proposi-
tion 17, Proposition 23 and Proposition 25.

2.3. Cubic polynomial maps with symmetries. We shall use here the same
strategy to study the cubic polynomial maps with symmetries whose multipliers
are integers and prove Theorem 8.

For a € C, let g,: C — C be the cubic polynomial map

ga:z1—>23—|—az.

For every a € C, the map g, fixes 0 with multiplier ¢ and commutes with z — —z.
Furthermore, if f: C — C is a cubic polynomial map with symmetries, then there
exists a unique parameter a € C such that f is affinely conjugate to g,.

Unlike the family of cubic unicritical polynomial maps, the family of cubic poly-
nomial maps with symmetries contains both power maps and Chebyshev maps.
More precisely, for every a € C, the map g, is a power map if and only if a = 0 and
is a Chebyshev map if and only if a = £3.

Using the software SageMath, we can compute M2« for a € C and n € {1,2,3}.

Example 26. For every a € C, we have
MPe(\) = (A —a)(\+2a — 3)?,
ME=(\) = (A — 4a® — 120 — 9) (A + 24> — 9)°
MF*(A) = Na(a, \)?,
where N3 € Z[a, A] is given by
Ns(a,\) = A* + (2a® + 120 — 18a — 108) A
+ (—48a°® — 72a° + 396a* + 486a° — 324a” + 1458a + 4374) \?
+ (32a° — 792a” — 432a° + 58324° + 5832a* — 7290a” — 8748a*
— 39366a — 78732) X + 256a'* + 384a'" — 46084’ — 69124’
+ 24624a® + 36936a” — 2332845 — 349924 — 131220a*
— 1968300 + 2361964 4 354294a + 531441 .
Moreover, we have

discy N3(a, A) = 2'23"2 D3 (a) (4a® + 12a* — 3a — 27)2 (a—3)*(a+3)*a'?,
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where discy denotes the discriminant with respect to A and D3 € Z[a] is given by
Ds(a) = 4a® 4 16a™ — 35a° — 206a° — 113a* + 376a> + 715a* + 1690a + 2197 .

It follows from Proposition 10 that, for every a € C, the map g, has an integer
multiplier at each cycle with period 1 or 2 if and only if a is an integer. By
considering also the multipliers at the cycles with period 3, we obtain the following
stronger version of Theorem 8:

Proposition 27. Assume that f: C — C is a cubic polynomial map with symme-
tries that has an integer multiplier at each cycle with period less than or equal to
3. Then f is either a power map or a Chebyshev map.

Proof. There exists a parameter a € C such that f is affinely conjugate to g,. By
Proposition 10, the polynomials M+, with n € {1, 2,3}, split into linear factors of
Z[)], and hence «a is an integer and

discy N3(a, \) = 2'?3'%Ds(a) (4a® + 12a* — 3a — 27)2 (a—3)*(a+3)%a'?
is the square of an integer. Now, note that, if
Ds(a) = 4a® + 164" — 35a° — 206a® — 113a* + 376a> + 715a* + 1690a + 2197

is the square of an integer, then its residue class in Z/32Z is a square, and hence
a =1 (mod 8). Moreover, observe that Ds(1 + 8b) is not the square of an integer
whenever b € {—7,...,13} and we have

L(b)? < D3(1 + 8b) < (L(b) +1)*
for all b€ Z\ {-7,...,13}, where
L(b) = 8192b* + 6144b + 720b% — 252b — 50.

Therefore, D3(a) is not the square of an integer, and hence a € {—3,0,3}. Thus,
the proposition is proved. (Il

Using the software SageMath, we obtain that D3(a) is not the square of a rational
number whenever a is a rational number with height at most 10%. Thus, it seems
likely that the question below has a negative answer, which would imply that every
cubic polynomial map with symmetries that has a rational multiplier at each cycle
with period less than or equal to 3 is either a power map or a Chebyshev map.

Question 28. Does the hyperelliptic curve of genus 3 over Q given by b? = D3(a)
have a rational point other than the two points at infinity?

Remark 29. Note that the curve of genus 1 given by N3(a,A) = 0 together with
the point (2, 187) defines an elliptic curve E over Q. Using the software Magma,
we obtain that its group of rational points E(Q) is a free abelian group of rank
1. In particular, there exist infinitely many parameters a € C for which the map
gq has a rational multiplier at each cycle with period 1 or 2 and at a cycle with
period 3. Another approach to proving that power maps and Chebyshev maps are
the only cubic polynomial maps with symmetries that have a rational multiplier
at each cycle with period less than or equal to 3 could be to show that the group
E(Q) does not contain 4 distinct points with the same a-coordinate.
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3. CERTAIN POLYNOMIALS RELATED TO THE DYNAMICS OF A POLYNOMIAL MAP

We study here the dynamics of a polynomial map from an algebraic point of
view. More precisely, we present certain results about the dynatomic polynomials
and the multiplier polynomials of a monic polynomial.

Most of the results presented in this section are known (see [MP94] and [VH92]).
However, since we could not find Proposition 10 explicitly stated in the literature
and it is the key point in our proofs of Theorem 6 and Theorem 8, we provide
here the details of the proof. We also give a more detailed description of certain
properties of the multiplier polynomials (see Proposition 44 and Proposition 52).

Fix an integer d > 2. Although we are interested in the dynamics of complex
polynomial maps, we shall consider monic polynomials over an arbitrary integral
domain in order to derive information about the coefficients of the dynatomic poly-
nomials and the multiplier polynomials.

3.1. Dynatomic polynomials. Let us present here the dynatomic polynomials of
a monic polynomial, which are related to its periodic points.

If R is a commutative ring and f € R][z] is a monic polynomial of degree d, then,
for every n > 1, the roots of the polynomial f°"(z) — z are precisely the periodic
points for the map f: R — R with period dividing n. Thus, it is natural to try
to factor these polynomials in order to separate the periodic points for f: R — R
according to their periods.

In the particular case where ag,...,a4_1 are indeterminates over Z,
d—1
R=7Zlag,...,aq_1] and f(z) =2+ Zajzj € R[7],
§=0

the polynomials f°"(z) — z, with n > 1, are separable, which allows us to factor
them over R according to the periods of their roots. By a specialization argument,
this provides a factorization of the polynomials f°"(z) — 2z, with n > 1, in the
general case of a commutative ring R and a monic polynomial f € R[z] of degree d
(compare [MP94, Section 2]). More precisely, we have the following result, where
p: Z>1 — {—1,0,1} denotes the Mébius function:

Proposition 30. Suppose that R is a commutative ring and f € R|z] is a monic

polynomial of degree d. Then there exists a unique sequence (CIJ,J;)R>1 of elements

of R[z] such that, for every n > 1, we have

OEERS | EACE

k|n
Furthermore, for every n > 1, the polynomial ®f is monic of degree v(n), where
n
= —)dr.
vin) = (%)
k|n

Definition 31. Suppose that R is a commutative ring and f € R[z] is a monic
polynomial of degree d. For n > 1, the polynomial <I>£ is called the nth dynatomic
polynomial of f.
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Remark 32. If R is an integral domain and f € R[z] is a monic polynomial of degree
d, then it follows from the Mobius inversion formula that, for every n > 1, we have

@(2) = [T () —2)" ).

k|n

Remark 33. If R is a commutative ring and f € R][z] is a nonmonic polynomial of
degree d, then the existence of a sequence (<I>fl)n>1 as in Proposition 30 holds but
the uniqueness may fail when R is not an integral domain. For example, if

R=17/A7 and f(z)=22>+2¢ R[],

then we have

z if n is even

on 222+ 2 if nis odd
(=) = {

for all n > 1, and hence every sequence (@

1) sy of elements of R[z] satisfying

f(2) =222, @] €2R[z] and ®L(z)=1 for n>3

is such that, for every n > 1, we have

=) -z =[] ®h(=).

k|n

Let us now describe the roots of the dynatomic polynomials. If R is a commuta-
tive ring, f € R[z] is a monic polynomial of degree d and n > 1, then each root of
the polynomial ®/ is a periodic point for the map f: R — R with period dividing
n since it is also a root of the polynomial f°"(z) —z. Conversely, if R is an integral
domain, then each periodic point for f: R — R with period n is a root of ®].
However, it may occur that roots of ®/ have period less than n. More precisely, we
have the following result:

Proposition 34 ([MS95, Proposition 3.2]). Assume that R is an integral domain,
f € RJ[z] is a monic polynomial of degree d and n > 1. Then zg € R is a root of the
polynomial ®f if and only if z is a periodic point for f: R — R with period k > 1
and multiplier Ay € R that satisfy
o k=mn,
e or there exists an integer | > 1 such that n = kl and Ay is a primitive lth
root of unity,
e or R has characteristic p > 0 and there exist integers [,m > 1 such that
n = kip™ and Ao is a primitive [th root of unity.

Remark 35. If R is a commutative ring that is not an integral domain, f € R[z] is
a monic polynomial of degree d and n > 1, then it may occur that periodic points
for f: R — R with period n are not roots of the polynomial ®{. For example, if

R=7/47 and f(z)=2?+32z+2¢ R[7],
then 0 € R is a periodic point for f with period 2 but is not a root of the polynomial
®J(z) =22 +2€ R[].
Now, let us focus on the family (f.),cc of unicritical polynomial maps given by

fo(z)=244¢.
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Given a parameter ¢ € C, every cycle of parabolic basins for f. contains the
unique critical point 0 € C, which allows us to determine the multiplicities of the
roots of the polynomials ®f, with n > 1. Thus, we have the result below, which is
a stronger version of Proposition 34 in the case of the polynomial f..

Proposition 36 ([BL14, Proposition 2.2]). Assume that ¢ € C and n > 1. Then
20 € C is a root of the polynomial ®Ic if and only if
e cither zy is a periodic point for f. with period n and multiplier different
from 1, in which case ord,, ®fc =1,
e or zg is a periodic point for f. with period n and multiplier 1, in which case
ord,, ®fc =
e or zg is a periodic point for f. with period a proper divisor k of n and

multiplier a primitive 7:th root of unity, in which case ord,, ol = z-

Now, view ¢ as an indeterminate over Z and consider
R=17[] and f(z)=z2"+ce R[].

For n > 1, define ®,, € Zlc, 2] to be the image of ®f under the canonical ring
isomorphism from R][z] to Z[c, z].
By the uniqueness in Proposition 30, for every ¢ € C and every n > 1, we have

Bl (2) = D, (c, 2) € C2].

In particular, the coefficients of the polynomials ®f¢, with n > 1, are polynomials
in ¢ with integer coefficients.

Finally, let us state the result below due to Bousch. It has also been proved
with different approaches by Buff and Tan (see [BL14, Theorem 1.2]), Morton
(see [Mor96, Corollary 1]) and Schleicher (see [Sch17, Theorem 7.1]).

Proposition 37 ([Bou92, Chapitre 3, Théoréme 1]). For every n > 1, the polyno-
mial ®,, is irreducible over C.

3.2. Multiplier polynomials. We shall now present the multiplier polynomials
of a monic polynomial, which play a crucial role in our proofs of Theorem 6 and
Theorem 8.

Note that, if ag,...,aq_1 are indeterminates over Z,
d—1
R=7Zlag,...,aq_1] and f(z) =2+ Zajzj € R[],
j=0

then, for every n > 1, we have
'V’L
res, (@fl(z) —(fory H — (") (z)))

where 21,...,2,(,) are the roots of the polynomial ®/ in an algebraic closure K
of the field of fractions of R. Since the map f: K — K has the same multiplier
at each point of a cycle and the roots of ®/ in K are simple and are precisely the
periodic points for f: K — K with period n, it follows that the polynomial

res, (1 (2), A — (f°") (2)) € R[)]

is the nth power of some monic polynomial in R[)\]. By a specialization argument,
the same is true in the general case of a commutative ring R and a monic polynomial
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f € R[z] of degree d (compare [MP94, Section 5]). More precisely, we have the
following result:

Proposition 38. Suppose that R is an integral domain and f € R[z] is a monic
polynomial of degree d. Then, for every n > 1, there exists a unique monic polyno-
mial M € R[\] that satisfies
M) =res. (9f(2), A = (/) (2)) -
v(n)

Furthermore, the polynomial M has degree palt

Definition 39. Suppose that R is an integral domain and f € R[z] is a monic
polynomial of degree d. For n > 1, the polynomial M/ is called the nth multiplier
polynomial of f.

Remark 40. If R is a commutative ring that is not an integral domain and f € R[z] is
a monic polynomial of degree d, then, for every n > 1, the existence of a polynomial
M/ as in Proposition 38 holds but the uniqueness may fail. For example, if

R=17/A7 and f(z)=2"¢€ R[2],
then we have (f°2)' () = 0, and hence

res, (@g(z), A= (£2) (z)) == (\+2)2.

If K is an algebraically closed field, f € K[z] is a monic polynomial of degree d
and n > 1, then we have

v(n)
MEOY =TT 0= ) )

where 21, ..., 2,(,) are the — not necessarily distinct — roots of the polynomial (I)fl.
Note that, if zp € K is a periodic point for f with period a proper divisor k of n
and multiplier a #th root of unity, then we have ( °™) (20) = 1 by the chain rule.
Therefore, by Proposition 34, we have the result below, which gives the connection
between the multipliers of a monic polynomial map and its multiplier polynomials.

Proposition 41. Assume that K is an algebraically closed field, f € K|z] is a
monic polynomial of degree d and n > 1. Then \g € K is a root of the polynomial
M/ if and only if
e \o is the multiplier of f at a cycle with period n,
e or Ay equals 1 and there exist integers k,l > 1 such that n = kl and f has
a cycle with period k and multiplier a primitive lth root of unity,
e or \g equals 1, the field K has characteristic p > 0 and there exist integers
k,l,m > 1 such thatn = klp™ and f has a cycle with period k and multiplier
a primitive [th root of unity.

An immediate consequence of Proposition 41 is the following result, which is the
key ingredient in our proofs of Theorem 6 and Theorem 8:

Corollary 42. Assume that K is an algebraically closed field, R is a subring of K,
f € K[z] is a monic polynomial of degree d and n > 1. Then the multipliers of f
at its cycles with period n all lie in R if and only if the polynomial M} splits into
linear factors of R[].
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Let us now focus on the multiplier polynomials associated with the family (f.).cc-
We may determine the multiplicities of their roots to obtain the following stronger
version of Proposition 41:

Proposition 43. Assume that c € C and n > 1. Then Ay € C is a root of the
polynomial MJe if and only if
e cither \g is not 1 and is the multiplier of f. at a cycle with period n, in
which case ordy, Mle equals the number of cycles for f. with period n and
multiplier \g,
e or \g equals 1 and is the multiplier of f. at a cycle with period n, in which
case ordy, M =2,
e or \g equals 1 and f. has a cycle with period a proper divisor k of n and
multiplier a primitive 7:th root of unity, in which case ordy, Mie = 1.

Proof. Since the polynomial <I>£C is monic, we have

v(n)
M) =TT =2 ()
j=1
where 21, ..., 2,(n) are the — not necessarily distinct — roots of the polynomial <I>f;.

By Proposition 36, it follows that
-
M) = A =1 TT (A= (£ (wy))
j=1

where p is the number of cycles for f. with period n and multiplier 1, g is the number
of cycles for f. with period a proper divisor & of n and multiplier a primitive 7th
root, of unity and ws, ..., w, are representatives for the cycles for f. with period n
and multiplier different from 1. Since every cycle of parabolic basins for f. contains
the unique critical point 0 € C, we have p+ ¢ € {0,1}. This completes the proof of
the proposition. O

Now, view ¢ as an indeterminate over Z and recall that
R=17[] and f(z)=2%"+ce R[].

For n > 1, define M,, € Z[c, )] to be the image of MJ under the canonical ring
isomorphism from R[] to Z[e, A].
By the uniqueness in Proposition 38, for every ¢ € C and every n > 1, we have

Mje(\) = My(c, \) € C[)].

In particular, the coefficients of the polynomials MJe, with n > 1, are polynomials
in ¢ with integer coefficients. In fact, the following result shows that more is true,
as observed in Remark 13 and Remark 20.

Proposition 44. For every n > 1, the polynomial M, lies in Z [ddcd’l,)\], has
v(n)
P

leading coefficient £d*™) and degree W in ¢ and is monic in A of degree

Proof. We have

v(n)
v( v(n)

S (o)A
j=1

M(c,\) = A
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where 01,...,0.m) € R are the elementary symmetric functions of the — not nec-

essarily distinct — roots of the polynomial M in an algebraic closure K of the field
of fractions of R. Moreover, for every parameter ¢ € C, since we have

Me(X) = Mn(e,\) € C[A],
o1(¢)y...,0um (c) are the elementary symmetric functions of the — not necessarily

distinct — roots of the polynomial MJ]e.

First, let us prove that, for every j € {1, R V(J) }7 we have o; € Z [ddcd_l}.

Choose a primitive (d — 1)th root of unity w € C. For every parameter ¢ € C,
since the maps f. and f,. are affinely conjugate, it follows from Proposition 43
that the polynomials MJc and M7~ have the same roots — counting multiplicities.

Therefore, for every j € {1, ce @}, we have 0;(c) = o;(wc) for all ¢ € C, and
hence o lies in the subring Z [¢*~!] of R. Since Z [d?¢?~!] is integrally closed in
Z [¢?1] and each root of M in K is of the form

n—1

(f°) (z0) = [T £ (£ (0))
§=0

where zy € K is a periodic point for f: K — K, it suffices to prove the fact
below (compare [Mill4, Theorem 1.1]) to conclude that o; € Z [ddcd_l] for all

je {1, o @} Thus, the polynomial M, lies in Z [ddc?=1, \].
Claim 45. If 29 € K is a periodic point for f, then f (zo) is integral over Z [ddcd_l}.

Proof of Claim 45. Choose a primitive (d — 1)th root d7T of d in K, and, for
m € Z, define da-1 = (dd%l) . For every k > 1, we have

d
ak z qgk—1 z ak
da=1 J"C’lC (1 > = ( d—1 fo(kfl) ( - )) +diTc.
da-1 da—1

k
It follows by induction that, for every k > 0, the polynomial di=t ok (Z) is

_1
da-T1

monic in z of degree d* with coefficients in Z {dﬁ c} . Therefore, AT 2o is integral

over Z [ddcd_l} since it is a root of the monic polynomial

dfflf”“( : >—d%zez[drﬁlc} 2],

da-1

where k is the period of zp, and AT is integral over Z [ddcdfl}, and hence the
same is true of f’(z9) = dzd~'. Thus, the claim is proved. O

It remains to examine the leading term of the polynomial M, in ¢. To do this,
let us first prove the following fact:

Claim 46. If ¢ € C and 2z € C is a periodic point for f., then |z <1+ |¢|4.
Proof of Claim 46. The map v.: x — 1% — 2 — |c| is strictly increasing on [1, +00)

and satisfies 1, (1 + |c|5) > (. Therefore, whenever |z| > 1+ ||, we have

[fe(2)] > [2]7 = || > |z].
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It follows that, if zo € C satisfies [29| > 1+ |c[4, then (f* (20)) 4=, diverges to oo,
and hence 2 is not periodic for f.. Thus, the claim is proved. (|

Now, note that, if ¢ € C and Ay € C is a root of the polynomial MJc, then there
exists a periodic point zg € C for f, such that

n—1

Xo = (") (20) = d" T[ £ (20)" "

Jj=0

If ¢ € C and 2z € C is a periodic point for f., then we have |f. (20)| < 1+ |¢|a by
Claim 46, and hence

< (1+1et)”

It follows that there exists a map n: C — R+ that satisfies

1
1201 — lef

(d—)n _ d—1
a0

77(0):O(|c\T d) as ¢ — 00

and
ny d=Dn
120l = dlel 7| < n(e)
whenever ¢ € C and \g € C is a root of M;<. Therefore, for every j € {1, ey @},
the polynomial o; € Z[c| has degree at most @7 with equality and leading

coefficient +d*( if j = @ This completes the proof of the proposition. ([l

Now, let us consider the multibrot set
M = {c € C:0 has bounded forward orbit under f.} .

For n > 1, we call hyperbolic component of M with period n a component W of the
set of parameters ¢ € C for which the map f. has an attracting cycle with period n.
Given a hyperbolic component W of M and a parameter ¢ € W, we denote by Ay (c)
the multiplier of f. at its unique attracting cycle. For every hyperbolic component
W of M, the map A\w: W — D(0,1) is a branched (d — 1)-sheeted holomorphic
covering map, its unique critical point is the unique parameter cyy € W for which

the point 0 is periodic for f.,, and Ay extends to a unique map Ay : W — D(0,1)

that induces a covering map from W \ {c¢w } onto D(0,1) \ {0}. Furthermore, for
every n > 1, the hyperbolic components of M with period n have pairwise disjoint
closures (see [DH85, Exposé XIV and Exposé XIX] or [Mil00, Theorem 6.5]). Using
these facts, we obtain the following result (compare [MV95, Proposition 3.2]):

Proposition 47. Assume that n > 1. Then, for every Ao € C that satisfies
0 < |Ao| <1, the polynomial M, (c, \o) € Clc] is separable. Furthermore, we have

M, (c,0) = £d"™®,,(c,0)%?
and the polynomial ®,(c,0) € Z[c| is separable.

Suppose that n > 1. The polynomial ®f is irreducible over C(c) by Proposi-
tion 37, and hence its roots in an algebraic closure of C(c) are Galois conjugates
of each other over C(c). It follows that the same is true of the polynomial M,
which shows that the polynomial M, is the power of some irreducible polynomial
in Cle, A]. Therefore, since the polynomial M, (¢, 1) € Z|c] is separable by Proposi-
tion 47, we have the following:
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Proposition 48 ([Mor96, Corollary 1]). For every n > 1, the polynomial M, is
irreducible over C.

3.3. Discriminants of the multiplier polynomials. Finally, let us study here
the discriminants of the multiplier polynomials associated with the family (fc).cc-
Their expressions, for d € {2,3} and small values of n, are an essential ingredient
in our proofs of Proposition 17 and Proposition 23.
For n > 1, define
A, (c) = discy My(c, \) € Z[c].

In fact, for every n > 1, the polynomial A,, lies in Z [ddcd_l] by Proposition 44.
Furthermore, for every ¢ € C and every n > 1, we have

A, (c) = disc MJ- € C.

Example 49. By Example 24, we have

Mi(e,\) = A\ —d)?¥ 1 + (=d)%c?™!  and %(c, N =dA—1)(A=d)?2.
Therefore, we have
Aq(e) = (—1) T resy (Ml (¢, \), %(c, /\))

d(d

(~1) " d My (e, 1)Ma (e, d) 2
(1) 252 gld=1) (d-1)(d~2) (a4t —(d—1)*"1) .

Suppose that n > 1. By Proposition 43, the roots of the polynomial A,, are pre-
cisely the parameters ¢o € C for which f., has a cycle with period n and multiplier
1 or f,, has two distinct cycles with period n and the same multiplier. Thus, in
order to factor A,,, it is natural to try to define a polynomial that vanishes precisely
at the parameters ¢y € C for which the map f,, has a cycle with period n and mul-
tiplier 1. Note that, by Proposition 43, the roots of the polynomial M, (¢, 1) € Z[]|
are precisely the parameters ¢y € C for which either f., has a cycle with period n
and multiplier 1 or f., has a cycle with period a proper divisor k of n and multiplier
a primitive zth root of unity, which suggests factoring this polynomial.

For k> 1 and [ > 2, define

Py (c) =resy (Ci(X), Mi(c, ) € Z[],
where C; € Z[A] denotes the Ith cyclotomic polynomial. We have

()
Pei(e) = [ ] Mk (c;wy) ,
i=1

where ¢: Z>1 — Z>1 denotes Euler’s totient function and ws,...,w,) are the
primitive lth roots of unity in C. By Proposition 43 and Proposition 44, it follows
that the polynomial Py ; lies in Z [ddcdfl], has leading coefficient +1 in d%c4—!
and its roots are precisely the parameters ¢y € C for which the map f., has a
cycle with period k& and multiplier a primitive [th root of unity. Furthermore, by
Proposition 47 and since every cycle of parabolic basins contains a critical point,
the polynomial Py is separable and, for every k' > 1 and every I’ > 2 such that
(k,1) # (K',1"), the polynomials Pj; and Py ; have no common roots.
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Remark 50. For every k > 1 and every [ > 2, the parameters ¢y € C for which
the map f., has a cycle with period k and multiplier a primitive [th root of unity
are precisely the parameters at which a cycle with period kl degenerates to a cycle
with period k. These are the parameters that lie in the intersections of the clo-
sures of hyperbolic components of M with period k with the closures of hyperbolic
components of M with period kl.

Suppose that n > 1. By Proposition 43, Proposition 44 and Proposition 47, the
polynomial M, (c,1) € Z[d] lies in Z [d?c*~!], has leading coefficient +1 in d%c?~?
and its roots are simple and are precisely the roots of the polynomials Py », with k
a proper divisor of n, and the parameters ¢y € C for which the map f., has a cycle
with period n and multiplier 1. Furthermore, the polynomial

II Per ez
k|n, k#n
lies in Z [ddcdfl}, has leading coefficient +1 in d%¢?~! and is separable by the
discussion above. Therefore, there exists a unique polynomial Q,, € Z[c] such that

Mn(c, 1) = Qn(c) H Pk%(c)
k|n, k#n
and the polynomial @, lies in Z [d?c?~'], has leading coefficient +1 in dc?~! and
its roots are simple and are precisely the parameters ¢y € C for which the map f.,
has a cycle with period n and multiplier 1 (see [MV95, Theorem Al).

Remark 51. For every n > 1, the parameters ¢y € C for which the map f., has
a cycle with period n and multiplier 1 are precisely the parameters at which two
distinct cycles with period n collide. These are the parameters that occur at the
cusps of the hyperbolic components of M with period n.

Since the polynomials @,, and A,, lie in Z [ddcdfl} and the polynomial @,, has
leading coefficient +1 in d%¢?~! and its roots are simple and are also roots of A,,,
the polynomial @,, divides A, in Z [ddcd_l]. In fact, the result below shows that
more is true, as observed in Remark 15 (compare [Mor96, Proposition 9]).

Proposition 52. For every n > 1, there exist a unique squarefree integer a, and
a unique polynomial R, € Z[c| with positive leading coefficient that satisfy

A, = anQnRi .

Furthermore, the polynomial R,, lies in Z [ddcd_l] and its roots are precisely the
parameters co € C for which the map f., has two distinct cycles with period n and
the same multiplier.

Proof. Since the polynomials @,, and A, lie in Z [ddcd_l] and the polynomial @,
has leading coefficient +1 in d%c?~!, is separable and its roots are also roots of A,,,
it suffices to prove that, for every parameter ¢y € C, we have

orde, Ay = &y (o) + 265 (co0)

where ¢, (co) € {0,1} equals 1 if and only if f., has a cycle with period n and
multiplier 1 and &, (¢o) € Z>o is positive if and only if f., has two distinct cycles
with period n and the same multiplier.

Suppose that ¢ € C. Choose representatives z,...,z, for the cycles for f.,
with period n and multiplier different from 1. For every j € {1,...,r}, we have
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ord,; <I>£“° = 1 by Proposition 36, and hence ag; (co,2;) # 0. By the implicit
function theorem, it follows that there exist a complex domain U containing ¢y and
holomorphic maps
Clv'“aCT: U—C

such that, for every j € {1,...,r}, we have (; (co) = z; and ®,, (¢, ;(c)) = 0 for all
¢ € U. Now, embed R = Z|c] into the ring S = H(U) of holomorphic maps on U.
For every j € {1,...,r}, we have ®f ({;) = 0, and hence (; is a periodic point for
the map f: S — S with period a divisor of n. Since the points ¢; (co) = z;, with
j € {1,...,r}, are periodic for f., with period n and belong to pairwise distinct
cycles, it follows that the points (;, with j € {1,...,r}, are periodic points for
f: S — S with period n, which belong to pairwise distinct cycles. Consequently,
there exists a unique monic polynomial ¥,, € S[z] such that

r n—1
of(2) = wa() [T II (- £ () »
j=1k=0

and we have
MT)" = res. (Un(2), A= (f") () [T =20)"

where \; = (rey (¢j) is the multiplier of f: § — S at (; for j € {1,...,r}.
Therefore, there exists a unique monic polynomial N,, € S[A] that satisfies
MIN) =N T =)
j=1
Now, define
Rn, (Co) = Z OI‘dC0 (/\j — )\k) c Zzo,
1<j<k<r
which is positive if and only if the map f., has two distinct cycles with period n
and the same multiplier since A; (co) = ( (fo”)l (zj) for all j € {1,...,r}. Let us
consider three different cases.

Assume that f., has neither a cycle with period a proper divisor k of n and
multiplier a primitive 77th root of unity nor a cycle with period n and multiplier 1.
Then, by Proposition 43, we have

fC - on ! -

M) =TT (A= () ) = TT O = A (o))
j=1 j=1
v(n)

.— and N, = 1. Therefore, we have

and hence r =

A, = disc MF = H (A — )
1<j<kgm
and hence ord., A, = 2k, (cp).

Assume now that f., has a cycle with period a proper divisor k of n and multiplier
a primitive zth root of unity. Then, by Proposition 43, we have

T

ML) =A== (),

Jj=1
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and hence r = 2 _ 1 and there exists a holomorphic map p: U — C such that

p(co) =1 and N:()\) = A — p. Therefore, we have

v(n) 1
2 2
An= T[] (=) 11 (A =)™
Jj=1 1<j<k<m)

and hence ord., A, = 2k, (cg) since

u(n)71 1/(11,)71

n n

I e-me?= T (1- ) @) #o.

j=1 7j=1

Finally, assume that f,, has a cycle with period n and multiplier 1. Then, by
Proposition 43, we have

Mo (3) = (A= 1)2 H (A=A (c0))

and hence r = — 2 and there exist holomorphic maps o1,09: U — C such that

v(n)
0'1(00):2, 0'2(00):1 and Nn(A):)\2701)\+0'2.
Therefore, we have

v(n) g

An:((f%—élag) H ()\?—0'1)\3‘4—0'2)2 H (>\j_)\k:)27
j=1

. v(n)
1<j<k<s) o

and hence

ord., A, = ord, (Uf - 40’2) + 2Ky (co)
since we have
vin) g zn) g

I 2 —oy+a) = T () G -1)" #0.

=1 j=1

J
We have (07 — 402) (cp) = 0. Since the polynomial M, (c,1) € Z|c] is separable by
Proposition 47, we have
v(n) g

220 (e0,1) = (0 (o) + o (eo)) ] (1= (en)) £0,

and hence
(0 — 403)' (co) = =4 (=07 (co) + 0 (co)) # 0.
Therefore, we have ord,, (U% — 402) =1, and hence
orde, Ay, =1+ 2k, (o) -
This completes the proof of the proposition. O
Example 53. By Example 24 and Example 49, we have
Q1(c) = My(c,1) = (—1)¢ (ddcd*1 —(d—- 1)d71)

and
Aq(c) = (71)@%@71)0@71)(&2) (ddcd* —d- 1)d,1) .
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Therefore, we have

a; = (—1)d<d2‘+1) and Ry(c) = 4T
Note that the polynomials Q; and R; have no common roots, which shows that
there is no parameter ¢y € C for which the map f., has both a fixed point with
multiplier 1 and two distinct fixed points with the same multiplier. Using the
software SageMath, we observe that the same is true of the polynomials @, and
R,, for small values of d and n. Thus, it seems likely that the following question
has a negative answer.

Question 54. Does there exist an integer n > 1 such that the polynomials @,
and R, have a common root? Equivalently, does there exist an integer n > 1 and a
unicritical polynomial map f: C — C of degree d that has both a cycle with period
n and multiplier 1 and two distinct cycles with period n and the same multiplier?

Finally, note that, if n > 1 and ¢y € C is a parameter such that the map f,
has a rational multiplier at each cycle with period 1 or n, then cgfl is rational and
A, (o) is the square of a rational number, and hence R, (¢g) = 0 or a,Qy, (co) is
the square of a rational number. Thus, it would be interesting to determine the
integers a,, with n > 1. We proved in Example 53 that a; = £1. Using the
software SageMath, we also obtain that a,, = +1 for small values of d and n, which
suggests the following:

Question 55. Do we have a,, = 1 for all n > 17

The periodic points for f_,a: z +— 2% — t¢ have Laurent expansions in ¢t~ (¢—1

with coefficients in Q(w), where w € C is a primitive dth root of unity, for ¢ around
oo (compare [Mor96, Lemma 2]), and hence the same is true of their multipliers.
Using this fact, it is possible to prove that the question above has a positive answer
when d = 2.

APPENDIX A. A FERMAT-LIKE DIOPHANTINE EQUATION

We shall prove here the following statement, which is a crucial argument in our
proof of Proposition 17:

Lemma 56. Assume that x,y, z € Z satisfy 3 + y> = 423. Then z = 0.

Note that the algebraic curve in P?(Q) given by o3 + 9% = 423 together with the
point [—1: 1: 0] defines an elliptic curve E over Q. Moreover, the map

<x5y7 Z) = (12Z’ 18(y - IE),.’L‘ + y)

induces an isomorphism from E to the elliptic curve defined by y?z = x> — 1082>.
The group of rational points of the latter is known to be trivial (see [LMF20]),
which provides a proof of Lemma 56.

Our proof of Lemma 56 is adapted from the proof of Fermat’s last theorem for
exponent 3 presented in [Hinll] and uses the principle of infinite descent.

Define A = Z[j] to be the ring of Eisenstein integers, where j = exp (%) e C.
The ring A is a Euclidean domain and its group of units

A* = {+1, 45, +5°}

consists of the 6th roots of unity.
First, observe that A =1 — j € A is irreducible.
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FI1GURE 1. The ring of Eisenstein integers, its units and its ideal AA.

Claim 57. The quotient ring A/AA consists of the residue classes of —1, 0 and 1
(see Figure 1).

Proof of Claim 57. Every element of A is congruent to an element of Z modulo
A since j = 1 (mod A) and every element of Z is congruent to either —1, 0 or 1
modulo 3 = —j52)\2. [

Claim 58. The ring A/A\3A contains exactly 3 cubes, namely the residue classes of
—1, 0 and 1 (see Figure 2). More precisely, for every a € A,

e cither a = —1 (mod ) and a® = —1 (mod A\3),

e ora=0 (mod \) and a® =0 (mod A\?),

eora=1 (mod \) and a® =1 (mod \3).

Proof of Claim 58. If X divides a, then A3 divides 3. If a = 1 (mod \), then there
exists b € A such that a = 1+ Ab, and we have
a®—1=(a—1)(a—7j)(a—35%) =Xb0b+1)b+1+7).
If a = —1 (mod A), then a® = —1 (mod A\?) since a® = —(—a)3. O
Finally, Lemma 56 follows immediately from the following more general result:

Lemma 59. Suppose that z,y,z € A and u,v € AX are such that 3 +uy> = 4v2>.
Then z = 0.

Proof of Lemma 59. To obtain a contradiction, suppose that there exist x,y, z € A,
with z # 0, that are relatively prime and u,v € A* such that 23 + uy® = 4v2® and
the valuation ordy(z) is minimal. Then z, y and z are pairwise relatively prime.
Note that, by Claim 58, x® + uy?® is at distance at most 2 from A3A, while the
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FIGURE 2. The ring of Eisenstein integers, its cubes and its ideal
A2A. The elements of the form 23 +uy3, with z,y € A and u € AX,
lie in blue disks. The set 4A* + A\3A is indicated by purple dots.

distance between 4A* and A3A equals v/7 > 2. Therefore, we have z = 0 (mod ),
u= =1 and 2 = —uy (mod A). It follows that

r+uy = jo+ jPuy = jr+ juy =0 (mod \),
and hence there exist a, b, c,d € A such that
r+uy =X a, jr+jfuy=Xb, jPr+juy=>X and z=Ad.
We have a + b+ ¢ = 0 and abc = 4vd®. Moreover, since
r=—ja+j’b=a—j%c=—-b+jc and wy=a—j*b=—ja+j’c=jb—c,

a, b and ¢ are pairwise relatively prime. Therefore, there exist X,Y,Z € A, which
are necessarily pairwise relatively prime, ux,uy,uz € A* and a permutation o of
{a,b,c} that satisfy

ola) =uxX?®, o) =uyY?® and o(c)=4uyZ3.
We have
X +UY? =4vZ®,
where U = u}luY cAX and V = —u}luz € A*, and
3ordy(Z) = ord, (o(c)) = ordy(abc) = ordy (d*) = 3ordx(z) — 3.

This contradicts the minimality of ordy(z), and thus the lemma is proved. ]



UNICRITICAL POLYNOMIAL MAPS WITH RATIONAL MULTIPLIERS 23

REFERENCES

[BIJ+19] Robert Benedetto, Patrick Ingram, Rafe Jones, Michelle Manes, Joseph H. Silverman,

[BL14]

[Bou92]

[Boul4]

[DHSS5]

[EvS11]
[Hin11]

[LMF20]

[Mil00]

[Mil06)

[Mil14]

[Mor96]
[MP94]
[MS95]
[MV95]
[Sch17)
[Sil07]

[VH92]

and Thomas J. Tucker, Current trends and open problems in arithmetic dynamics, Bull.
Amer. Math. Soc. (N.S.) 56 (2019), no. 4, 611-685. MR 4007163

Xavier Buff and Tan Lei, The quadratic dynatomic curves are smooth and irreducible,
Frontiers in complex dynamics, Princeton Math. Ser., vol. 51, Princeton Univ. Press,
Princeton, NJ, 2014, pp. 49-72. MR 3289906

Thierry Bousch, Sur quelques problémes de dynamique holomorphe, 1992, Thesis
(Ph.D.)—Université de Paris-Sud.

, Les racines des composantes hyperboliques de m sont des quarts d’entiers
algébriques, Frontiers in complex dynamics, Princeton Math. Ser., vol. 51, Princeton
Univ. Press, Princeton, NJ, 2014, pp. 25-26. MR 3289904

A. Douady and J. H. Hubbard, Etude dynamique des polyndémes complexes. Partie
II, Publications Mathématiques d’Orsay [Mathematical Publications of Orsay], vol. 85,
Université de Paris-Sud, Département de Mathématiques, Orsay, 1985, With the collab-
oration of P. Lavaurs, Tan Lei and P. Sentenac. MR 812271

Alexandre Eremenko and Sebastian van Strien, Rational maps with real multipliers,
Trans. Amer. Math. Soc. 363 (2011), no. 12, 6453-6463. MR 2833563

Marc Hindry, Arithmetics, Universitext, Springer, London, 2011, Translated from the
2008 French original. MR 2816902

The LMFDB Collaboration, The L-functions and Modular Forms Database, Ellip-
tic curve with LMFDB label 108. a1, https://www.lmfdb.org/EllipticCurve/Q/108/a/1,
2020.

John Milnor, Periodic orbits, externals rays and the Mandelbrot set: an expository
account, no. 261, 2000, Géométrie complexe et systémes dynamiques (Orsay, 1995),
pp. xiii, 277-333. MR 1755445

, On Lattés maps, Dynamics on the Riemann sphere, Eur. Math. Soc., Ziirich,
2006, pp. 9-43. MR 2348953

, Arithmetic of unicritical polynomial maps, Frontiers in complex dynamics,
Princeton Math. Ser., vol. 51, Princeton Univ. Press, Princeton, NJ, 2014, pp. 15-24.
MR 3289903

Patrick Morton, On certain algebraic curves related to polynomial maps, Compositio
Math. 103 (1996), no. 3, 319-350. MR 1414593

Patrick Morton and Pratiksha Patel, The Galois theory of periodic points of polynomial
maps, Proc. London Math. Soc. (3) 68 (1994), no. 2, 225-263. MR 1253503

Patrick Morton and Joseph H. Silverman, Periodic points, multiplicities, and dynamical
units, J. Reine Angew. Math. 461 (1995), 81-122. MR 1324210

Patrick Morton and Franco Vivaldi, Bifurcations and discriminants for polynomial
maps, Nonlinearity 8 (1995), no. 4, 571-584. MR 1342504

Dierk Schleicher, Internal addresses of the Mandelbrot set and Galois groups of polyno-
mials, Arnold Math. J. 3 (2017), no. 1, 1-35. MR 3646529

Joseph H. Silverman, The arithmetic of dynamical systems, Graduate Texts in Mathe-
matics, vol. 241, Springer, New York, 2007. MR 2316407

Franco Vivaldi and Spyros Hatjispyros, Galois theory of periodic orbits of rational maps,
Nonlinearity 5 (1992), no. 4, 961-978. MR 1174226

INSTITUT DE MATHEMATIQUES DE TOULOUSE, UMR 5219, UNIVERSITE DE TOULOUSE, CNRS,
UPS, F-31062 TouLOUSE CEDEX 9, FRANCE
Email address: valentin.huguin@math.univ-toulouse.fr



